Abstract: Fractional calculus is the branch of mathematical analysis that deals with operators interpreted as derivatives and integrals of non-integer order. This mathematical representation is used in the description of non-local behaviors and anomalous complex processes. Fourier's law for the conduction of heat exhibit anomalous behaviors when the order of the derivative is considered as < β, γ ≤ for the space-time domain respectively. In this paper we proposed an alternative representation of the fractional Fourier's law equation, three cases are presented; with fractional spatial derivative, fractional temporal derivative and fractional space-time derivative (both derivatives in simultaneous form). In this analysis we introduce fractional dimensional parameters σx and σ t with dimensions of meters and seconds respectively. The fractional derivative of Caputo type is considered and the analytical solutions are given in terms of the Mittag-Le er function. The generalization of the equations in spacetime exhibit di erent cases of anomalous behavior and Non-Fourier heat conduction processes. An illustrative example is presented.
Introduction
Fourier's law satis es the heat conduction induced by a small temperature gradient in stationary state, in these states the heat transfer through a material is proportional to the negative gradient of the temperature and to the area. This law is represented by χ = −α∇T, where χ represents the heat current, α the thermal conductivity and ∇ is the Laplace operator. Fourier's law combined with the principle of conservation of energy forms the basis for the analysis of most conduction process. A random walk is a mathematical formalization of a path that consists of a succession of random steps. Random walks are related to the diffusion models and within the fractional approach it is possible to include external elds [1] . A Lévy ight is a random walk in which the step-lengths have a probability distribution that is heavy-tailed. When de ned as a walk in a space of dimension greater than one, the steps are dened in terms of the step-lengths, which have a certain probability distribution; the steps made are in isotropic random directions [2] . Scher and Montroll in [3] proposed a model of transport for the current in amorphous solids as a continuous-time random walk, the dynamics considered continuous time random walk approach for a variety of physical quantities in numerous experimental realizations, on the other hand, Fractional Calculus (FC) is the generalization of ordinary calculus, the mathematical formulation was developed for Fourier, Liouville, Riemann, Grünwald, Riesz, among many others. During recent years fractional systems have been considered in many publications, for instance, in biomedical, electromagnetism, electrical circuits, transport phenomena and physical applications including Lagrangian and Hamiltonian formulation [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Modeling as fractional order proves to be useful particulary for systems where memory or hereditary properties play a signi cant role, this mathematical tool involve non-local operators which can be applied to physical systems yielding new information about their behavior. In this context, Mainardi in [18] presents the interpretation of the corresponding Green function as a probability density for the particular cases of space-fractional, time-fractional and neutral-fractional di usion, the fundamental space-time fractional di usion equation is obtained from the standard di usion equation. In [19] , the fractional kinetic equations of the di usion, di usion-advection equation and Fokker-Planck type are presented, the equations are derived from basic random walk models, the authors of [20] presents a theoretical approach to anomalous di usion applying fractional calculus. In the work [21] the authors presents an alternative construction for the space-time fractional di usion-advection equation considered derivatives of Caputo type, the results in the range < β, γ ≤ shows Lévy ights (non-Markovian version) and the phenomena of subdi usion. In [22] the authors formulate a more general model which represents the di usion wave process, this model is more accurate proving the existence, uniqueness and continuation of the solution. Ezzat in the paper [23] presented a new mathematical model of heat conduction, they considered an isotropic generalized thermoelasticity with a three-phase lag its model considered the methodology of fractional calculus. A quasi-static uncoupled theory of thermal stresses is proposed by [24] , the results interpolates a classical thermoelasticity and a thermoelasticity without energy dissipation introduced by Green and Naghdi. Other applications of fractional calculus in heat conduction are given in [25] [26] [27] [28] and the references therein.
The aim of this contribution is to present the alternative solution of the fractional Fourier's law equation applying the idea proposed in the works [29, 30] , the order considered is < β, γ ≤ for the fractional equation in spacetime domain respectively. The fractional derivative of the Caputo type is considered.
The paper is organized as follows: second section presents the basic concepts on fractional calculus, third section presents the dimensionality of the fractional di erential equations, fourth section discusses the Fractional Fourier's law equation and the fth section presents the conclusions.
Basic concepts of fractional calculus
In the following we present some de nitions used in FC [6] .
The Riemann-Liouville de nition of the fractional derivative for (q > ) is
where j is the time increment. GL de nition is very easily utilized for numerical simulations. Caputo Fractional Derivative (CFD) for a function f (t), is de ned as follows
where n = , , . . . ∈ N and n − < γ ≤ n. For these de nitions, the derivative of a constant is zero and the initial conditions for the fractional order di erential equations can be given in the same manner as for the ordinary differential equations with a known physical interpretation. For this reason, in this paper we prefer to use the CFD. The Mittag-Le er function has caused extensive interest among physicists due its vast potential of applications describing realistic physical systems with memory and delay [31] (4) where Γ is the gamma function, when α = and ϕ = , from (4) we obtain e t .
Dimensionality
To be consistent with dimensionality of the fractional differential equations and following [29] we introduce an auxiliary parameters σx and σ t as follows
and
where n is integer. To be consistent with the dimensionality, the parameter σx has a dimensions (meters) and the parameter σ t has a dimensions (seconds). The parameter σx and σ t characterizes the fractional space and temporal structures (components that show an intermediate behavior between a system conservative and dissipative and related to equation results in a fractal space-time geometry presented an entire new family of solutions for the fractional di erential equations) [29] . When β and γ are equal to 1, the expression (5) and (6) becomes an ordinary space and temporal derivative. Having all the above things in mind we generalized the case of the fractional Fourier's law.
Fractional Fourier's Law Equation
The Fourier's law is described by the classical parabolic equation
where α = k ρCp , α is the thermal di usivity, k is the thermal conductivity, ρ is density, Cp is the speci c heat capacity and T is the temperature. The Equation (7) represents the dimensional conduction in a planar medium with constant properties and no generation.
The fractional representation of (7) is
the order of the derivative that is being considered is < β, γ ≤ for the fractional Fourier's law equation in space and time respectively.
. Fractional Space Fourier's Law Equation
Consider the Equation (8) and assuming that the space derivative is fractional (5) and the time derivative is ordinary, the spatial fractional equation is
A particular solution for this equation may be found in the form
substituting (10) into (9) we obtain
where
k is the wave number in the medium in presence of fractional space components, and k is the wave number without its presence. Substituting (13) into (11) it gives
The solution is written as
The particular solution of the Equation (15) is as follows 
in the Equation (18), indicates the real part andk = k . Therefore, in the case β = , the solution to the Equation (9), from Equation (17) is given by
the Equation (19) represents the classical case for the space Fourier's law equation. Second case. When β = , from Equation (16) we have
from (13) we havek = ω α σx.
The solution (20) is written as
In this case there exists a physical relation between the auxiliary parameter σx, the wave number k and the wave length λ given by the order β of the fractional space Fourier's law equation
Using the expression (23) the Equation (16) is written as
where,x = x λ , is a dimensionless parameter.
. Fractional Time Fourier's Law Equation
Consider the Equation (8) and assuming that the time derivative is fractional (6) and the space derivative is ordinary, the temporal fractional equation is
A particular solution for this equation may be found in the formT
substituting (26) into (25) we obtain
ω is the angular frequency in the medium in presence of fractional time components, and ω is the angular frequency without its presence.
Substituting (29) into (27) we obtain
using the CFD (3), the solution of the Equation (30) may be found in the form of the power series. The solution is written as
The particular solution of the Equation (31) as follows
where Eγ(−ωt γ ) is the Mittag-Le er function. Now we analyze the case when γ take di erent values. First case. When γ = , from the Equation (32) we havẽ
the solution (33) is written as
whereω = ω, the solution to Equation (25) follows from to Equation (33) is given bỹ
indicates the real part. The Equation (35) represents the classical case for the time Fourier's law equation.
In this case exists a physical relation between the auxiliary parameter σ t , the angular frequency ω and the period T given by the order γ of the fractional time Fourier's law equation
Using the expression (36) the Equation (32) is written as
where,t = ωt, is a dimensionless parameter.
Second case. When γ = / ,ω = ωσ / t , from Equation (33) we havẽ
the erfc(z) denotes the complementary error function and de ned as
For large values of z, the error function can be approximated as
substituting (39) into (46) leads to the solutioñ
T(x, t) =T · e −ikx · e ω σt t erfc(ω σ t t). (42)
At asymptotically large times and using (40) we havẽ
the solution (43) represents plane waves with time decaying amplitude. The asymptotic behavior of Mittag-Le er function [31] , for z = −ωt γ is
then, substituting (44) into (33) gives
where,ω = ωσ −γ t is the natural frequency in the medium in presence of fractional time components represents by σ t . In this case, the Equations (43) and (45) represent the time evolution of the temperature and the amplitude which exhibits an algebraic decay for t → ∞. The fractional di erentiation with respect to time can be interpreted as an existence of memory e ects which correspond to intrinsic dissipation in the system [7] .
. Fractional Space-Time Fourier's Law Equation
Now considered the Equation (8) and assuming that the space and time derivative are fractional, the order of the time-space fractional di erential equation is < β, γ ≤ . T (x, t) γ=1, β=1 γ=0.9, β=1 γ=0.8, β=1
Figure 1: Thermal di usion for di erent values of β and γ, when (β = , γ = ), we have the classical thermal di usion, when (β = , γ = . ) and (β = , γ = . ), we have the time fractional thermal di usion. γ=1, β=1 γ=1, β=0.9 γ=1, β=0.8 Figure 2 : Thermal di usion for di erent values of β and γ, when (β = , γ = ), we have the classical thermal di usion, when (β = . , γ = ) and (β = . , γ = ), we have the space fractional thermal di usion. T (x, t) γ=1, β=1 γ=0.9, β=0.9 γ=0.8, β=0.8 Figure 3 : Thermal di usion for di erent values of β and γ, when (β = , γ = ), we have the classical thermal di usion, when (β = . , γ = . ) and (β = . , γ = . ), we have the space-time fractional thermal di usion. T (x, t) β=1, γ=1 β=0.5, γ=0.9 β=0.5, γ=0.8 Figure 4 : Thermal di usion for di erent values of β and γ, when (β = , γ = ), we have the classical thermal di usion, when (β = . , γ = . ) and (β = . , γ = . ), we have a singular cases of space-time fractional thermal di usion (this cases represents a plane wave with exponential space-decaying amplitude).
Applying the separation of variables method, the full solution of the Equation (8) is
where,x = x λ andt = ωt are dimensionless parameters and A is a constant.
Illustrative example. Considerer the Fourier's equation described by
The full solution of the Equation (47) is 
Conclusion
FC is s used in the description of non-local behaviors and anomalous complex processes, this mathematical tool is applied in scienti c areas such as control theory, electrical circuits, electromagnetism, electrochemistry, transport theory, di usion, among others. In this paper we presented an analysis of the fractional Fourier's law of heat conduction in a planar medium. In our analysis three cases have been presented; rst case: with fractional spatial derivative, second case: fractional temporal derivative and the third case: the full solution (space-time), here, an illustrative example is solved applying the separation of variables method and shows numerical simulations where the fractional time derivative and the spatial fractional derivative are taken at the same time for di erent particular cases of β and γ.
For the rst case, the solution (16) corresponds to the spatial generalized solution of the heat conduction, when β = , the Equation (19) represents the classical case, when β = / , the Equation (22) represents the heat conduction equation with fractional spatial components σx. In this case there exists a physical relation, Equation (23) between the parameter σx and the wave length λ given by the order β of the fractional di erential equation.
For the second case: the solution (32) corresponds to the temporal generalized solution of the heat conduction, when γ = , the Equation (35) represents the classical case, for this case, exists a physical relation between σ t and the period T given by the order γ of the fractional heat conduction equation, relation (36). An important measure for heat conduction is the time evolution of the temperature in the medium, when γ = / , the equations (43) and (45) represents the time evolution of the temperature and the amplitude which exhibits an algebraic decay for t → ∞.
For the third case: the Equation (46) shows the complete solution applying the separation of variables method of the fractional Fourier's law for the conduction of heat (8) , the solution (46) represents a non-local thermal di usion interpreted as an existence of memory e ects which correspond to intrinsic dissipation characterized by the exponent of the fractional derivative β and γ in the system and related to thermal di usion in a fractal space-time geometry presented an entire new family of solutions for the thermal di usion phenomena. For this case an example is proposed, the solution (48) represents the full solution and the Figs. 1, 2, 3 and 4 shows thermal di usion anomalous. When β = and for a long time and values of γ between . ≤ γ ≤ . , see Figure 1 , the thermal diffusion is slower (subdi usion thermal), in this case, the Fourier's law behaves like a heat thermal di usion with temporal-decaying amplitude (time fractional thermal diffusion). When γ = and values of β between . ≤ γ ≤ . , see Figure 2 , the thermal di usion represents a (space fractional thermal di usion). The generalized solution (48), besides, it was shown that when β and γ are less than 1, see Figure 3 , the thermal di usion presents a decaying respecting to time t and the space x, (space-time fractional thermal di usion). When β = / and values of γ between . ≤ γ ≤ . , we have a singular case of space fractional thermal di usion, see Figure 4 . The results obtained in the ordinary case may be obtained from the fractional case when β and γ are equal to .
We consider that these results can be useful to gain understanding of the phenomena of heat transfer from continuous media to discontinuous media and the description of anomalous complex processes.
